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A question from the last class

. . p
A HOV\(/)dlo;Ne Tfer p(ZIX) using q(Z): 2z | x) = P2 _ p(X.2)
- Only data X are given p(X) > p(X,Z)

- p(X,Z) is known

= When the variable z is continuous
= When the number of variables z is many (?)

Laplace approach Good Good Worse
(Gaussian approximation)

Sampling Worse Worse Good
(Numerical approach)

Variational Inference Medium Medium Medium
(Analytical approach)



Laplace approach

O Finding the mode of the posterior distribution and then fitting a Gaussian centered at that mode.

oy p(2) c exp(~z*/2)(L+exp ™)™
067 i 1 Normalizing factor,
| p(z) = c f(z) C :I f(z)dz which is unknown
0.4} i
02} i p(z) 42
i i@ A=———Inf(2)
o LE N dz |,_,, dz -
-2 -1 0 ZO | 2 3 4
) It becomes mean of q(z) It becomes precision of q(z)
Mode of p(z): local maxima
2 N(X| f1,07) = =y ex {— L (x— )2}
A 1 A , H, = (2702)" 2 P 252 H
q(z)=| —| expy——(z2—-12)
27 2 2

INN(X| 2,0%) = ——
(o2

X2



Sampling approach

p(B,E,A J,M)=p(B)p(E)p(A|B,E)p(J | A)p(M | A)

P(B)=0.001

Burglary

P(E)=0.001

/

/
D

A | PUJIA)
T | 0.90
F| 0.05

\
D

Earthquake

p(B,E,J[AM) 7

P(M]A)

0.70

0.01

B|E| P(A|B,E)
T|T| 0.90
T|F| 0.05
FIT| 0.29
F|F| 0.001

p(E
p(B
p(J

B,AJ,M)=p(E
E,AJ,M)=p(B
B,E,AM)=p(J
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Sampling approach

?(8)=0.001 P(£)=0.001 p(B,E, A J,M) = p(B)p(E)p(A|B,E)p(J | A)p(M | A)

Earthquak
p(B,E,J[AM) ?

@ P(E|B,A J,M)=p(E|A B)

/ p(E, A,B) = p(A| B, E) p(B) p(E)

\
@ @ p(E, A B)= p(E | A B)p(A B)

Burglary

5 [E] PABLE) = p(E| A B)p(A|B)p(B)
NEIS A P(MIA)
T| 090 T | 070 Tt 0% P(A|B,E)p(B)p(E)=p(E|A B)p(A|B)p(B)

TlF| o005
| 0.05 F | oo01

T 029 0(E| A B) = pEAIB,E)P(E)

FlF| o0.001 > p(A|B,E)

E




Variational inference

O Theideais
- Finding p(Z| X) by minimizing Kullback divergence to q(Z2)

- Minimizing KL between p(Z|X) and g(Z) is equivalent to maximizing a function where the
conditional distribution p(Z|X) is replaced with the joint distribution p(Z, X).

- Factorizing the joint distribution on the assumption that the latent variables Z are independent.

- Developing the derivation in terms of one latent variable on the assumption of the other latent
variables are known.

- Then, do some algebra..

 Refer the backup slides which include the derivation



Where we are

Supervised
Learning

= | CR (week?)
= SVM (week5)
= CNN (week8)
= RNN (week10)

= GMM (week3)
= HMM (week4)
= PCA (weekb)

= VAE (week12)
= GAN (week12)

= DQON (week14)

= PG (week14) Reinforcement

Learning

Unsupervised
Learning



You are going to learn

d An idea of Support Vector Machine (SVM)
d Problem formulation of SVM

- Linear classification: Hard Margin SVM
[ Non-linear classification

- Soft Margin SVM

- Kernel trick



Why Support Vector Machine?

d Most widely used classification approach (practical)

d Supported by well defined mathematical theories

Linearly separable data set
Linearly separable data set with a few violation
Non-linearly separable data set

Geometry,
Optimization,

Quadratic programming,
Lagrange method,
Kernel, etc.



Which one is better for classification?




Terminology used in this lecture

Support

Decision
boundary
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Some geometry

X Y(X*) =w,X; +wx; +w, =0
Y(X) = W,X, +W, X, +W, 2

Y(X") = w,x) +W, X +W, =0

a
Y(X?) = Y(X°) = W, X3 + WX + Wy — W, X — W, X, — W, XT (X, %3)

b b
=W, (X = X2) + W (%7 — X°)

S
=[w,,w,] 1a 1b (1x2)(2x1)=(1x1)
| Xy =Xy X,
0=w"(x*-x") X = (X, X,)

IIIIIIIIIIIIIIII

-----------------

Vector on the decision boundary
12



Some geometry

d Inner product

(X1a1 Xg) ) (W1’W2) — ” (Xf1 X;) ”” (W1’W2) ” COSQ

(] cosB definition
| d |

. =||d||=] (%, x3) ] cos&
O ) —

Cosf =

I wg, wo) [lFd 1= (7, %) - (W, W)

W2X£i +W1X1a _ — W, ” d ”: — W

Id |l= =
Fw, W) [ [ (w, W) | [fw]
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Margin distance

Size of the vector _
b_oc W, X, + W, X, + W, = Y(X)
(x°->x°) )(
2

W Unit vector showing
C b irecti
X' =X"+ || r || the direction only

fw ]

d Let’s multiply w' and add w, in both sides.

WX +w, = y(x°)

w'x” +w, =0

W
WX +wW, =W X"+ W, +W' ||r||—
0 0
[w
W
y(x) =w' |1l
Iwi X,
1 ||= YO
||VV|| { Let’s say
c To make the margin become one... (see later)
irfe+ & LIYXIEL
fw
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Problem formulation

d Finding a decision boundary which maximizes X2
the margin.
1
max||rl|=——
[w
S.t.

tn y(Xn) > O mmm) Every data points are

classified correctly.

t.=-1 vy(x,)<0

n

{tn =+l y(x;)>0 W, X, +W,X, +W, =0

15



Problem formulation

1 Let’s make it a quadratic programming problem. X2

fw
st. ty(x,)>0, ¥n

----------------------------

J Do you remember? : Let’ssay

* *
----------------------------

[w

~) meaning that any data point is away
ty(x,)>1 W¥n

from the decision boundary at least 1

S.t.

e 1 .................................................. . W, X, + W, X, + W, =0
a Finally . min E||W|| :

E_S.t. tn(WTXn+WO)21, Vn Quadratic programming

16



How about non-linearly separable case?

- Approaches

Option 1 Soft margin SVM
Option 2 Kernel trick

e o o A A .
0
1
o
© )
©
X
0

17



Soft margin SVM



Option 1: soft margin SVM

19

—®

(d Remember the constraint below?
t (W'X +W,)>1, WVvn

1 For the data points which are non-separable, we relax
the constraint:

vn ¢&.>0

n

It says that the distance between a data point and the
decision boundary is allowed to be less than 1.

d &, is called slack variables.

 Question. Where is a data point when ¢, =1 ?



Option 1: soft margin SVM

A A (J So we have the constraint below. How about the
A objective function?
A t,(W'x, +w,)>1=¢% vn g 20
A
J We want to minimize the slack.
wix+w, =1 1
WX +w, =0 min—||w||2+CZ &,
Tty 2 n
W X+w, =-1

d If “C” is small, the slack contributes more
1) Prefer large margin
2) May cause large # of misclassified data points.

“C” is small “C” is large

d If “C” is large, the slack contributes less

1) Prefer less # of misclassified data points.
2) May cause small margin.




Option 1: soft margin SVM

d The formulation finally becomes

-------------------------------------------------------------
* *

1 5
min —||w |- +C &
2|| I*+C>_ ¢,

S.t.

t (W'x +w,)>=1-¢,,Vn

21



Kernel trick



Lagrange method for an optimization problem with inequality constraints

= Minima is zero when b <0
) . = Minimais “b?” whenb >0
" |t means at optima: A(x-b) = 0 (complementary slackness)
= Maximizing A results in minimizing the objective value
- A >0 (it should be because x-b >0)

23



Convert the quadratic problem in SVM to Lagrange optimization problem

primal 1 ................... et e .
problem min maxEWTW—Z/In(tn(WTxn +w,)-1)

. w A :

: n=1 :

KKT conditions st. 4. >0 .
1) Stat|onar|ty Condltlon ; T4 ammmEEE E R EE G EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEESESEEEEEEEEEEEEEEEEEEES .

O lvw_2xy T 1=
w2 " awg‘;t”(t”(w % W) =1) =0 d  We would like to convert again the optimization problem
above into another form, which provides same results.
- Because we want to solve the optimization problem in

At (W'x +w,)-1)=0 term of “lagrange multiplier (A,)”.

2) Complementary slackness condition

3) Duality feasibility condition
2,20

--------------------------------------------------------------------------------------------

.1 d T
max min—-w w—> A, (t, (WX, +w,)-1)

Dual st. 4.2>0
problem ‘ ‘ !

--------------------------------------------------------------------------------------------

24



Dual problem of the quadratic problem: applying stationarity condition

m?x min L(w,w,, 1) = %WTW —ZN:/ln(tn(wan+wo)—1)
n=1

W, W,
............... N N
W:Z/lntnan] f Zﬂ“ntn =
.............. L S S-S
1 N N N N N N
L(/l) — Ezztntmlnﬂ“mxzxm _Zztntmﬂ’nﬂ’mx-rl;xm _Zj‘ntnwo + Zﬂ’n
n=1 m=1 n=l m=1 n=1 n=1

B N 1 N N .
max L(1) = lez —EZZtntm/lnimxnxm

n=1 m=1

:  “w” does not appear in the
: equation, and so we do not use
: this constraint anymore




Finally...

N 1NN
max L(4) = nzz;,ln —EZZtntm/Inzmxlxm

n=1 m=1

N
st. 4,20, > At =0
n=1

N
mjn L(A) = %iitntm%ﬂmxlxm—zﬂm
n=1 m=1 n=1
n

N
st. 4,20, > At =0
n=1

[ Again, the optimization problem becomes a quadratic programming problem.
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Let’s summarize

N
mﬁin L(A)= —ZZtntmﬁnﬂmxnxm—Zﬂn
n=1 m=1 n=1

--------------------------------------------------------------------------------------------------------------

O The solution from the quadratic programming is “lagrange multipliers” (1)
L Many of the solutions (lagrange multipliers) are zero

d Complementary slackness (one of KKT conditions) should be satisfied.

Aamx+%)no s 4
...................................................... SAG A
vie® A
O In other words, if A, are not zero, (t,(wx, +wg)-1) should be zero g A
where corresponding data points should be support vectors. ° . A
O With the non-zero A, w and w, can be calculated using t_(wx +w,)=1 @ W’ (@ wix+w, =1
.................................................................. ® WTX+W0=O
] N . ' N wix+w, =-1
w=) Atxi W, =t — Z AL X X,

27 (TR o S S - SO



Kernel trick

------------------------------------------------------------------------------------------------------------------------------------------------------------------------

min =w'w mﬂln L(ﬂ‘) — Zztntm/lnﬂ’mx X _Zﬂ’n
2 » n=1 m=1 n=
sh t (WX, +w,)>1 E st. 420, t'1=0
O If data x,, are not linearly separable, what should we do?
)
X3
x; T
(0,0,1)
T A P(x) =| XX, | A
(0,1) (1,1) x;" (1,1,1)
® - 4
A — #(x) . /“:"”’ o
(0,0) (1,0) X7 ’
Space X Space Z

28



Kernel trick

L The idea of Kernel trick begins from here: to find the scalar values (the inner product of two vectors:
z, and z_ ) and so we can formulate the quadratic problem which can be linearly separable.

Zy
Xs
{ﬂTﬂ,ll
oo 4
(0,1) (1,1) (1,1,1)
® - 2
(0,0,0) (1,0,0)
A ® e - /
(0,0) o) 3
Space X Space Z
e INNN .................. 5 o 1 e
min 1(A)= Z¥ >t AAX X 2 A oomin L= DX Az DA
n=1 m=1 n=1 n=1 m=1 n=1
st. 120, "1=0 st. A20, i1=0

............................................................................................................................................................................................................................

29



Kernel trick

L Kernel function K() is a function which returns the scalar values (the inner product of two vectors:
z, and z, in Z space) when the data points (x,, and x, in X space) are given.

K(Xn: Xn) = 4(%;)8(X,) = 2,2,

Zy
X5
A o
(0,1) (1,1) T T | ;1 1)
Zn — ¢(Xn ) - > Z)
(0,0,0) (1,0,0)
o ; , = X /
(0,0) (1,0) X m ¢( m ) z,
Space X Space Z

30



Finally finally...

L With the Kernel function defined previously, we want to change the quadratic problem as follows:
- Because the Kernel function is a function of data points (x, and x,, ) which we already have.

............................................................................................................................................................................................................................

: 1 &Y al : N N N s
min L) = EZZtnrmﬁnﬂmzﬁ z — Zﬂn » . min L(A) :%ZZtntm;Lnith(xem) — Z/IH
n=1 m=1 n=1 n=1 m=1 n=1

st. 420, +1=0 ; : st. 220, Fi1=0 :

............................................................................................................................................................................................................................

tlth(Xl’Xl) tltzK(XLXz) tltNK(XI’XN)

Lt K(X,, X,) tztzK(X;’Xz) tthK(X;’XN)

min  L(4) = %/ﬂ A+(-1M)2

_tNth(Xle) tNtzK(XTNixz) tNtNK(XT\uXN)_

31



FmaIIy finally...

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

min /(1) _—ZZt t A2 K(x'x ) —len

nlml

--------------------------------------------------------------------------------------------------------------

w= > Atz w=t,— > Atz,z, =t,— > AtK(X,,X,)

z,eSV z,eSV 2,eSV

sign(w'z +w,)

sign| > At.z,z+t, — > At K(X,,X,)

z,€SV d  Now you have a function, which classifies
a data point in z space without mapping
the data point to z space at all.

Sign Z ﬂ’ntn K (Xn , X) + tn — Z ﬂntn K (Xn , Xn) L Do you see why it is called a trick?

32



Polynomial kernel of degree 2

y [ é(y)
A #(X) A
) (Yi: Y2) ® (Y2 N2Y,Ys5, ¥2)
O (X12’\/§X1X2’X22)
(X, %,)
Space X Space Z
K (X, y) = (xy)? BOVP(Y) = (V2% %,,05) - (Y2, 2Y1Y5, 7)
2
=((X1,Xz)'(Y1’ZYz)) =X Y{ +2X X, Y, Y, + X5 Y5
— (X1Y1 + X, yz)

Mapping to 3-dimension
2.,2 2.,2
=X Y1 T 2X XYY, XY,

33



Gaussian Kernel: derivation (inner product in the infinite z space)

K (%, %) =expl-ar [ X, =%, ) or s e
exp(x)—%(: bt % X?:’
_eXp( )EXp( )6Xp(2a)( X ) ’)
— exp(— axﬁ )eXp(- lean )g (Za)k (Xlz!)k (Xm)k
:i\/ eXp( oX )(X ) \/(2 EXp( oX )(X )
k=0 !

Mapping to infinite-dimension !

34



Gaussian Kernel

04r

0er

I
=

a

-0.2

-0.4 1

-0E6

a=100 |

-04r

-06

35 http://openclassroom.stanford.edu/MainFolder/DocumentPage.php?course=MachineLearning&doc=exercises/ex8/ex8.html



Backup Slides



Variational inference: derivation

p(Z1X)
q(Z)
p(X.2)

q(Z)p(X)

P(X,Z)
KL=-%"q(2)I
Zzlq( ) log 1)

mmmm) Finding q(Z) which minimizes the Kullback divergence

KL(Q(Z) ]l p(Z | X)) =~ a(Z)log

=-).4(2)log

+>q(Z)log p(X)

p(X.2)
q(Z)

KL+ ) q(Z)log =>q(Z)log p(X)

37



Variational inference: derivation

p(X,2) _
KL+ ) a(Z)log = _4(Z)log p(X) toased
Za@ion )
= Always positive = Always Negative = Always negative
= Lower bound (L) = |tis a fixed value

L KL divergence and lower bound are a function of “q(Z)”

O Minimizing KL divergence is equivalent to maximizing the lower bound (L).

Z| X
l KL = —Z q(Z)log p(q(é) ) = We do not have this conditional distribution
Z

I L = Z q(Z) |og p(X i Z) = We do have the joint distribution
Z q(Z)

38



Variational inference: derivation

p(X,Z)
L = Z)|
max Zq( g =~
~ p(X, X,,2,,2,) _ .
= ;; q(Zl)q(Zz) log CI(Zl)CI(ZZ) Assuming that z, and z, are independent
=" > a(z)a(z,)[log (%, %, 2,,2,) ~log a(z,)a(z,)]
=>">'q(z,)a(z,)[log p(x;, X,, 2, 2,) —logq(z,) —log q(z,)]
=Y > a(z)a(z,)log p(x, X5, 2, 2,) = D > d(z,)a(z,) loga(z,) - > > a(z,)a(z,) logg(z,)

Assuming that q(z,) is known, and so we just look for q(z,)

39



Variational inference: derivation

L=>> a(z)a(z,)log p(x,%,,2,,2,)— > > a(z)a(z,)loga(z,) - > > a(z,)a(z,)loga(z,)

Assuming that q(z,) is known, and so we just look for q(z,)

=Y > a(z)a(z,)log p(x,, %,.2,,2,) - > a(z,)logq(z,) D a(z,) - > a(z)D_a(z,) logq(z,)

1 I

=>q(z,)_a(z,)log p(x,,%,.2,,2,) - D a(z)loga(z) > a(z,) - D a(z) D a(z,) loga(z,)

=>d(z,)E, [log p(x.,%,,7,2,)]- > a(z)logq(z,) - K> a(z,)

It is one but we keep it for a while

= q(z)|E, [log p(x,. %,,2,,2,)]- K |- 3 q(z) log q(z,)

40



Variational inference: derivation

L=>"a(z)|E, [log p(X,Z)]-K, - K, |- > a(z)log q(z,)

log f(X,Z)=E,[log p(X,Z)]-K,

£(X,2)= oEx [log p(X.Z)}-K; _ e KigFz [logp(x.2)] _ Cef llog p(X,Z)]

If we choose “C” carefully, f(X,Z) can be a probability distribution. “‘CeEZ2 log IO(X’Z)]dXdZ =1
L=> q(z)llog f(X,Z2)-K,]-> a(z)logq(z)
4] 4]

=>"q(z,)log (X, Z)-> a(z,)K, - > a(z,)logq(z,)

_ log f(X,Z) ~ log f(X,Z) .
—;q(zl) logq(z,) ;q(zl)Kz—;q(zl) logq(z,) e

41



Variational inference: derivation

_ log f(X,Z) ~ log f(X,2) .
L—;q(zl) logq(z,) ;q(zl)Kz—;q(zl) logq(z,) e

log f(X,Z)= E22 [Iog p(X, Z)]— K, Wedefined it previously
f(X,2)= En[0OP(X DKy _ Ky o By llog p(X.2)] _ (= Epy [l0g p(X 2)]

Lower bound (L) is maximized when log q(z1) and log p(X,Z) are equal because it is a negative KL.
Thus, ...

logq(z,) =log f (X,Z)

>d(z;)log p(X,2)

q(z,) = f(X,Z) =Ce™"""* P =Cpe?

2d(z)log p(X,Z)

0(z,) = f(X,Z)=C,e™"*?) = e

42



	Slide Number 1
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28
	Slide Number 29
	Slide Number 30
	Slide Number 31
	Slide Number 32
	Slide Number 33
	Slide Number 34
	Slide Number 35
	Slide Number 36
	Slide Number 37
	Slide Number 38
	Slide Number 39
	Slide Number 40
	Slide Number 41
	Slide Number 42

