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Linear models for classification and regression



Lecture Outline

 Linear classification

- Perceptron algorithm

 Linear regression

- Mean Square Error (MSE)

- Normal Equation

- Gradient descent

 Logistic regression

- Cross Entropy Error (CEE)
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A question

Classification



Terminology

 Decision boundary (surfaces)
 Decision regions
 (D-1)-dimensional hyperplane within the D-dimensional input space
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Two main approaches for classification

1) Probabilistic approach
- Focus on the development of a probability model, e.g., cancer/non-cancer

2) Deterministic approach
- Focus on the determination of a decision boundary

5 Christopher M. Bishop Pattern Recognition and Machine Learning, 2001
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Perceptron neural network: history
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 Rosenblatt (1962) introduced the perceptron algorithm.

Christopher M. Bishop Pattern Recognition and Machine Learning, 2001
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Perceptron neural network: architecture
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Panda or Dog

 Simplest form of a neural network used for a linear classification.



Perceptron neural network: architecture
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 It uses a step function as an activation function: Yes/No question.

 The step function is discontinuous: any problem?
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 Assuming that a data point X (x1, x2) has a label (-1)

 Assuming that it is misclassified to be (+1)

 Weight should be updated.
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Perceptron neural network: how to update parameters?
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Perceptron neural network: parameter update
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 You will see another type of update rule in a literature, which is same.

n
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Where “M” denotes the set of all misclassified patterns

An

Where “A” denotes the set of all data points

Perceptron neural network: parameter update



Perceptron neural network: algorithm procedure
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1) Random initialization of parameters

2) Searching misclassified data points using the decision boundary (yn)

2-1) Updating the parameters using the misclassified data points

2-2) Go to step 2) 

random ~w={w0, w1, w2, . . . , wd}

yn= w0x0+w1x1+w2x2+ . . .+wdxd

yn= 0 yn> 0

yn< 0

w(new)= w(old)+γ ·yn·xn



Perceptron neural network: example
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 Current decision boundary is 
determined with w=(0, -1, +1)

 Data point xC (1, 2, 3) is misclassified

 Learning rate: γ = 0.1

 Let’s update the parameter

w=(0, -1, +1) xc=(1, 2, 3)
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Perceptron neural network: example
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 Data point xC (1, 2, 3) is misclassified
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 New decision boundary is

7x2 - 12x1 -1=0

7x2 - 12x1 -1=0
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Perceptron neural network: convergence theorem
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 The perceptron algorithm is guaranteed to find an exact solution within a finite 
number of iteration if given data set is linearly separable.

- Slow convergence: cannot tell its feasibility until it’s convergence

- Does not converge if there is not any solution

- Many solutions exist: converge to one depending on an initial and the order of data feeding



Perceptron neural network: multiclass classification
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One to One One to rest

# of binary classifications
to be carried out

(when there is K classes)

 K(K-1)/2
- A to B
- A to C
- A to D
- B to C
- B to D
- C to D

 K
- A to B/C/D
- B to A/C/D
- C to A/B/D
- D to A/B/C

Feature  Complexity high  Class imbalance problem

A B C D
: cancer
: normal

A

B

Misclassified = 4 

Misclassified = 6 



A question

Regression



Regression
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 Given data set, regression fits them to a certain function

 Classification vs Regression

- Classification: given a data, its output is a discretized label

- Regression: given a data, its output is a continuous value

- Both belongs to supervised learning: input + label 



Linear regression
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 How much is the house below?

# of rooms (x1)

Price (y)

y=w1x1+w0x0



Linear regression: Mean Square Error (MSE) function 
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# of rooms (xn)

price (yn)
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Linear regression: 1) normal equation
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Linear regression: 1) normal equation - example
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[(mxn)(nxm)]-1(mxn)(nx1)(mx1)
 transpose()
 Inverse()

3.1485 x1 -5.5667

YX)XX(W T1T 



Linear regression: 2) gradient descent
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How to obtain?
backpropagation 
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Linear regression: 2) gradient descent
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3.1485 x1 -5.5667

Solution from 
normal equation

Solution from 
gradient descent

iteration



Logistic regression
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 A logistic function is used to fit the given binary data set.

 A logistic function is a common “S” shape function.
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Logistic regression
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 Is it a bicycle or motorbike?

weight

bicycle

motorbike

Decision boundary 
for decision

motorbike

bicycle



Logistic regression: cross entropy error function
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 How to calculate the error given below?

- Label is one or zero

- Outcome σ(x) is a floating number between [0, 1]

))(1),((ˆ xxy  

)0,1(yLabel :

prediction :

x
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Logistic regression: cross entropy error function

Prediction Label Cross Entropy (error) MSE

0.1, 0.2, 0.7 0, 0, 1 -ln(0.1)*0-ln(0.2)*0-ln(0.7)*1 = 0.357 (0.1-0)2 +(0.2-0)2 +(0.7-1)2 = 0.14

0.3, 0.3, 0.4 0, 0, 1 -ln(0.3)*0-ln(0.3)*0-ln(0.4)*1 = 0.916 (0.3-0)2 +(0.3-0)2 +(0.4-1)2 = 0.54

Prediction Label Cross Entropy (error) MSE

0.1, 0.2, 0.7 1, 0, 0 -ln(0.1)*1-ln(0.2)*0-ln(0.7)*0 = 2.303 (0.1-1)2 +(0.2-0)2 +(0.7-0)2 = 1.34

0.3, 0.3, 0.4 1, 0, 0 -ln(0.3)*1-ln(0.3)*0-ln(0.4)*0 = 1.204 (0.3-1)2 +(0.3-0)2 +(0.4-0)2 = 0.74

When the prediction is wrong, how wrong is it?

When the prediction is correct, how correct is it?

 yyyy ˆlog)ˆ,(CEE
))(1),((ˆ xxy  

)0,1(yLabel :

prediction :



30

Logistic regression: how to estimate the parameters?
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Same story
backpropagation
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Logistic regression: how to estimate the parameters?

t=10

t=1000t=100

t=50


